We introduce the thermal-difference states (TDS), a three-parameter family of single-mode non-Gaussian optical states whose density operator is a weighted difference of two thermal states. We show that the states of "heralded photons" generated via spontaneous parametric downconversion are precisely those among the TDS that are nonclassical, meaning they have a negative P -function. The three parameters correspond in that context to the nonlinear gain and the transmittances, characterizing the linear loss of the signal and the idler channels. At low gain and unit transmittances, the heralded photon state is known to be a single-photon state. We explore the influence of nonlinear gain and linear loss on the heralded state of the signal mode. In particular, we analyze the influence of the gain and the loss on the state nonclassicality by computing the ordering sensitivity of the TDS. We argue finally that the TDS provide new benchmark states for the analysis of a variety of properties of single-mode photon states. arXiv:1906.09664v1 [quant-ph] 
I. INTRODUCTION
An optical field in a single-photon state [1] is an essentially quantum object, interesting for fundamental science and having numerous applications in quantum technologies like quantum cryptography [2, 3] , linear optics quantum computation [4, 5] , boson sampling [6] , as well as in detector calibration [7, 8] and radiometry [9] . Single photons can be obtained from single emitters, such as quantum dots [10, 11] , color centers [9, 12, 13] or organic molecules [14, 15] , and by all-optical methods either directly [16, 17] or conditionally by photon heralding technique [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . The latter technique consists in generating a photon pair in two modes and detecting a photon of one (idler) mode, preparing thus the other (signal) mode in a single-photon state. In the ideal case, where exactly one photon pair is generated in a given time window and there is no loss, the conditional state of the signal field is a one-photon Fock state. However, in realistic experimental conditions two and more pairs can be simultaneously generated by the source and the light collection and detection is accompanied by loss and non-unit quantum efficiency of the photodetector. These factors lead to the appearance of multiphoton and vacuum components in the state of the signal field. Traditionally, these components are viewed as an undesirable "contamination" of the single-photon state of the signal mode, whose "purity" is determined by the intensity correlation function at zero delay [22, 23] . We argue in this paper that, in fact, an interesting family of non-Gaussian nonclassical states is produced in such photon heralding experiments, including, in particular, truncated [29, 30] and photonadded thermal states [31, 32] , well studied in the past.
We consider parametric downconversion (PDC) as a source of photon pairs and find an explicit expression * Dmitri.Horoshko@univ-lille.fr for the density operator of the signal mode conditioned by photon detection in the idler one. We take into account three physical parameters of this photon heralding scheme: the strength of nonlinear coupling of the PDC process, measured by the two-mode squeezing parameter r, the transmittance η of the idler channel, which includes the quantum efficiency of the photodetector, and the transmittance µ of the signal channel. Our goal is to understand how these parameters affect the nature of the signal mode state and in particular its nonclassicality. An almost single-photon state is obtained in the signal mode when µ = 1 and in the limit of small r, i.e. in a spontaneous PDC regime, corresponding to rather low rate of single photon generation. Thus, a trade-off exists between the brightness and the quality of conditionally generated single photons. We are interested in including high-gain PDC in our consideration and exploring if a similar trade-off exists between the brightness and the nonclassicality. For that purpose we will use a recently introduced new measure of nonclassicality, the ordering sensitivity of a quantum state [33] .
The paper is organised as follows. We first show in Sec. II that the conditional states of the signal mode belong to a larger three-parameter family of single-mode optical states, that we call "thermal-difference states" (TDS) because they are a weighted difference of two thermal states. In Sec. III we show that the family of TDS includes -possibly as limiting cases -not only the singlephoton state, but also such well-known states as the photon-added and photon-subtracted thermal states, the truncated thermal state, the thermal state and the vacuum. It turns out that the signal mode states obtained through the photon heralding technique are precisely those TDS that are nonclassical, meaning their Glauber-Sudarshan P -function is non-positive. This is shown in Sec. IV, where we calculate the Glauber-Sudarshan Pfunction and the Wigner function of the TDS, which are simply obtained as the weighted difference of Gaussians, making the analysis of their positivity straightforward.
In Sec. V we then analyze quantitatively the sensitivity of the degree of nonclassicality of the TDS to changes in their parameter values by computing their ordering sensitivity [33] . We show that the three parameter family of TDS introduced here constitutes an excellent testbed for the study of various properties of single-mode photon states. Indeed, they include a number of well-known such states, are non-Gaussian except in some limiting cases, have easily computable and non-singular quasiprobability distributions (notably P -functions) and explicit occupation numbers. Sec. VI summarizes the results and concludes the paper.
II. DEFINITION OF THERMAL-DIFFERENCE STATES AND THEIR GENERATION IN A HERALDING EXPERIMENT
In the process of PDC an undepleted classical pump wave, passing through a nonlinear crystal, produces signal and idler waves, see Fig. 1 . In a typical PDC scenario these waves are multimode, and a set of Schmidt modes [34, 35] can be defined for each wave such that a signal mode is correlated to the corresponding idler mode and the joint state of two photons is entangled. However, for the production of heralded photons a single-mode regime can be realized by tuning the pump pulse spectral width to that of the phase-matching function [36] . Let us accept that this regime is realised. We denote the signal mode by A and the idler mode by B and ascribe to these modes annihilation operators a and b respectively. The joint state of the two modes at the crystal output is [37] |ψ(r) AB 
where |n is the n-photon Fock state, and r is the degree of squeezing determined by the pump amplitude, the nonlinear susceptibility of the crystal and its length.
The state of the signal mode alone can be obtained by tracing the above state over the space of the idler mode. As a result we obtain a thermal state [38] 
where the parameter ξ = tanh 2 r ∈ [0, 1) is a parameter related to the temperature T and the mean photon number n th by
with ω being the circular frequency of the mode and k B the Boltzmann constant. As shown by Eq. (2), the thermal state is diagonal in the Fock basis and the number of photons follows the geometric distribution. The condition ξ = 0 corresponds to zero temperature and zero mean photon number, i.e. to the vacuum state ρ th (0) = |0 0|. The opposite limit ξ → 1 corresponds to infinitely growing temperature. In general, q is a monotonically increasing function of the temperature T and can be considered as "alternative temperature". On the other hand, in the context of PDC, ξ gives the probability of observing at least one photon in mode A, so it has the meaning of the photon pair generation rate. We are interested in finding the state of the mode A under condition of a click of the detector monitoring the mode B in the general case, where the losses in the idler and signal channels are characterized by their intensity transmittances η and µ respectively.
We consider first the simplest case of no loss and unit quantum efficiency of the detector, η = µ = 1. A detector not resolving the number of photons and having unit quantum efficiency is characterized by the positiveoperator valued measure (POVM) consisting of just two operators: operator Π B off = |0 B B 0| corresponding to no click and operator Π B on = I B − |0 B B 0| corresponding to a click. Here I B is the identity operator for the mode B. Under the condition of observing a click at the detector monitoring the mode B, the conditional (unnormalized) state of the mode A is
Upon normalisation of Eq. (4) we obtain for the state of the mode A
which corresponds to the "truncated thermal state" [29] or the "vacuum-removed thermal state" [30] . This state contains no vacuum component, which has a simple physical explanation: in the absence of losses a click in mode B corresponds to the presence of at least one photon in the mode A. Note that in the limit ξ → 0, ρ A converges to the single-photon state:
So for a small degree of squeezing r, the state of the signal is close to the one-photon Fock state. Now we consider a more complicated scenario, where the quantum efficiency of the idler channel 0 < η ≤ 1 can be less than 1, but there are no losses in the signal channel. In this case the POVM of the detector is given by the operator [39] 
corresponding to no click, and the operatorΠ B
off , corresponding to a click. Under condition of observing a click at the detector B, the conditional (unnormalized) state of the mode A reads
which is a weighted difference of two thermal states of mode A. The final scenario includes losses of the mode A, which are modelled by a beam splitter with intensity transmittance 0 < µ ≤ 1. When a field in a thermal state ρ th (ξ) passes through such a beam-splitter and the state of the reflected field is traced out, the state of the transmitted field is a thermal state with a lower temperature ρ th (q). The value of q can be found from the transformation of the mean photon number n = µ n 0 , where n 0 = ξ/(1 − ξ) and n = q/(1 − q) are mean photon numbers at the input and the output respectively. Solving this equation for q, we find
Applying such a transformation to both summands of Eq. (8) and normalizing the resulting state, we arrive after some algebra at the state of the signal mode, which we call a "thermal-difference state" and which is given by the following expression:
is a normalization factor, guaranteeing that Tr ρ (−) (q, p, d) = 1. The parameters (q, p, d) vary from 0 to 1 and are related to the physical parameters 0 < ξ < 1, 0 < η, µ ≤ 1 by Eq. (9) and
Note that, for the states produced in this manner through PDC and photon heralding, due to Eq. (13), p is strictly less than d. On the other hand, in (10) the parameters (q, p, d) can in fact be allowed to vary in the full range from 0 to 1. More precisely, it is easy to see that for q ∈ [0, 1) and p ∈ [0, 1), d ∈ [0, 1] the density operator, defined by Eq. (10), is always positive, since N > 0 and q n − d(qp) n ≥ 0 for any n, and normalizable. Hence (10) defines a density operator for all these values, that fill thus a cube in the parameter space. Each point of this cube corresponds to a positive density operator, i.e. some physical state of an optical mode. The states obtained via photon heralding fill "half" of this cube, with parameters 0 ≤ p < d < 1. (See Fig. 2 .) It should be noted that the influence of losses on the photon statistics in the signal channel was studied before in detail [40, 41] . However, the density operator of the conditional state, Eq. (10), has never been written explicitly, to the best of our knowledge.
It is often convenient to use the mathematical parameters (q, p, d) to describe the TDS because the simplicity of the expression in (10) implies that a variety of quantities associated to the TDS -and in particular their quasi-probability distributions -can be easily expressed in terms of those parameters. We will see several examples of this observation below. For their physical interpretation in terms of photon heralding, we will each time come back to the physical parameters (ξ, µ, η). If different methods for generating the TDS experimentally are found, one may expect different physical parameters to be relevant and perhaps different regions of the parameter cube to be realized experimentally.
In conclusion to this section, we have established that the states generated in a photon-heralding experiment realize one half of the parameter volume of the TDS, determined by operator positivity. The physical meaning of this part of the parametric space will become clear in Sec. IV, where it will be shown that it corresponds precisely to those thermal-difference states that are nonclassical.
III. EXPLORING THE FAMILY OF THERMAL-DIFFERENCE STATES

A. Parameter cube
In this section we explore thermal-difference states as defined in Eq. (10) for the set of parameters q ∈ (0, 1), p ∈ [0, 1), d ∈ [0, 1] and study their physical meaning in the context of a photon heralding experiment. The density operator of these states is a weighted difference of two thermal states ρ th (q) and ρ th (qp), where p ∈ [0, 1), i.e. the temperature of the second state is lower than that of the first state. The parameters (q, p, d) constitute a cube of which the faces q = 0, q = 1 and p = 1 have been removed, see Fig. 2 . The points in the face q = 1 of the parameter cube have no particular physical meaning. Indeed, the limit in which q → 1 at fixed p, d, corresponds to infinitely growing temperature, and the limiting value q = 1 does not correspond to a density operator.
To understand the meaning of the points on the other faces, we consider below the limiting procedure in detail.
B. Single-photon state
On the face q = 0, the following limiting states can be identified. When d < 1, the limit q → 0 yields the vacuum state:
Note that this is true also if p < d, which means that the states ρ (−) (q, p, d), nonclassical under that assumption, approach the vacuum state, which is classical. On the other hand, when d = 1, and p < 1, the limit q → 0 yields the one-photon Fock state which is the ultimate goal of the photon heralding technique, being a highly nonclassical state: (15) Note that, in terms of the physical parameters controlling the photon heralding technique, the regime d = 1, q → 0, p < 1 corresponds to the situation where the parametric gain ξ is small and the signal transmittance µ takes on its maximal value 1. Such a regime is hardly reachable in practice, and the realistic signal states, generated at d < 1, are mixtures of the vacuum, single-photon and multiphoton components.
A photon heralding experiment aims at generating a single-photon state and is typically characterized by two parameters: brightness and single-photon purity. The (per excitation) brightness is the probability of observing a coincidence at the detectors monitoring the signal and the idler modes. Accepting that the quantum efficiency of the detector monitoring the signal mode is included in µ, we can obtain the brightness as the product of the probability of a click of the idler detector and the probability of having a nonzero photon number in the signal state, conditioned by this click:
.
In the absence of losses, η = µ = d = 1, we find easily B = ξ, i.e. ξ can be understood as the initial brightness of PDC, before losses occur. The single-photon purity is determined by the intensity autocorrelation function at zero delay g (2) (0) for the conditional signal state. This quantity can be approximated by [22] : g (2) (0) ≈ 2P (2)/P (1) 2 , where P (1) is the probability of one photon in the signal state, while P (2) is the probability of two or more photons in this state. Substituting the expressions for these probabilities from Eq. (10), we obtain
For a mixture of vacuum and the single-photon state g (2) (0) = 0, which means the highest single-photon purity. Thus the brightness and the purity together determine how close the generated state is to the single-photon state: the brightness determines the fraction of vacuum, while the purity determines the fraction of 2 and more photons.
It is generally known that in photon heralding a high purity is possible only in exchange to a rather low brightness [21] [22] [23] [24] [25] [26] [27] [28] . For example, to have g (2) (0) = 0.2 in an experiment with realistic values η = µ = 0.8, one needs the initial brightness ξ = 0.0082, which means that most signal pulses are empty. In our approach we are interested in nonclassical properties of the conditional state, Eq. (10). To this end, we characterize in Sec. V below the signal state by a nonclassicality measure rather than by its single-photon purity, and establish the existence of a similar nonclassicality-brightness trade-off.
C. Truncated thermal state
Let us consider now the face p = 0, 0 < q < 1. In that case, Eq. (10) yields a TDS obtained simply by substracting part of the vacuum component from the thermal state ρ th (q). In particular, the edge 0 < q < 1, p = 0, d = 1 corresponds to the truncated thermal state [29] , also called the vacuum-removed thermal state [30] , already encountered in Eq. (5) . This is as expected since, expressed in the physical parameters of a photon heralding experiment, p = 0 and d = 1 correspond to µ = 1 = η, i.e. no loss. On the rest of the face 0 < q < 1, p = 0, 0 < d < 1 the vacuum is partially removed, having the weight N (1 − d) . This situation corresponds to losses in the signal mode, but not in the idler mode. The resulting state can be called "partially vacuum-removed state". At the lower edge 0 < q < 1, p = 0, d = 0 the vacuum is not removed at all and the corresponding state is just a thermal state.
D. Photon-added thermal state
We now study the face p = 1, 0 < q < 1 of the cube. When d < 1, one can compute Eq. (10) with p = 1 to find the thermal state ρ th (q). If d = 1, the expression (10) is singular for p = 1: in that case, the limit p → 1 yields
in which we recognize the density operator of the photonadded thermal state [31] , which is nonclassical and has been much studied, also experimentally [32] . From Eq. (13) we see that in an experiment the regime p = 1, d = 1 can be approached only at a very low η. It means that the final brightness will be much lower than the initial one. However, the initial brightness can be made rather high in this regime, in contrast to the regime of single photon generation. For example, setting ξ = 0.5, η = 0.01, µ = 0.8, we obtain p ≈ d = 0.99, which means that the generated state is close to a photon-added thermal state with the temperature q = 0.44. However, its brightness is B = 0.009, which is rather low. Again we meet a trade-off between the brightness and the quality of the generated state. Note that generation of almost photon-added states in the proposed scheme is simpler than that of Ref. [32] , since it does not require a thermal seed for the signal field.
The family of TDS is not continuous on the edge p = 1, d = 1. In particular, setting d = p < 1 and taking the limit p → 1, one finds, for all 0 < q < 1,
This is the so-called photon-removed thermal state [42] , which is classical. However, it generation in the considered experiment does not seem possible, because due to Eq. (13) we have p < d for any non-zero transmittance of the idler channel.
We have therefore established that the face p = 1 corresponds to thermal states, with a q-dependent temperature, except for the d = 1 = p edge, the points of which can be associated to a variety of states, among which the photon-added or -removed thermal states. We have seen the first can be realized in principle with the photon heralding technique provide the transmittance of the signal channel is high and that of the idler channel low.
E. Conclusion
The full physically relevant parameter space for the thermal-difference states therefore forms a cube with only one missing face, corresponding to q = 1, see Fig. 2 . The face q = 1 and its four edges correspond to infinite temperature and are not interesting from the physical point of view. The remaining eight edges of the parametric cube on the other hand correspond to several well-known states of a single-mode field: the vacuum, thermal states, truncated thermal states, photon-added and -removed thermal states as well as the single-photon state and mixtures of the vacuum with the single-photon state. They are marked in Fig. 2 . The rest of the cube contains the new thermal-difference states we introduced here.
The states lying above the plane d = p in this threeparameter family can in principle all be obtained through the photon heralding technique. In the next section we show that these states are always nonclassical.
IV. QUASIPROBABILITY DISTRIBUTIONS FOR THERMAL-DIFFERENCE STATES
A remarkable and useful property of the TDS is the simple structure of their quasiprobability distributions. A quantum state of a single-mode optical field with a density operator ρ is fully characterized by its s-ordered quasiprobability distribution [43] :
where s is a real parameter, taking values 1, 0 and −1 for the Glauber-Sudarshan P -representation, the Wigner representation, and the Husimi Q-representation respectively.
For a thermal state, given by Eq. (2), this function is a two-dimensional Gaussian [43] W th (α, s|ξ) = κ(ξ, s) π e −κ(ξ,s)|α| 2 ,
with the inverse variance function defined as
For the thermal-difference state we obtain from Eqs. (10) and (20) a difference of two two-dimensional Gaussians:
The quasiprobability function takes a rather simple form at s = 1, corresponding to the P -representation. Thus, defining P (−) (α|q, p, d) = W (−) (α, 1|q, p, d), we obtain
This function is shown in Fig. 3 together with the corresponding Wigner function and the photon number distribution n|ρ (−) |n for experimentally feasible values of the parameters.
We can now easily identify among the thermaldifference states those that are nonclassical. We recall that a state ρ of one mode is said to be classical if its P function is positive everywhere. Otherwise it is said to be nonclassical. For sufficiently low values of d the second term in (24) is negligible with respect to the first one and the thermal-difference state approaches a thermal state, known to be classical. Thus, at fixed values for 0 < q < 1 and 0 ≤ p < 1, the nonclassical thermal-difference states, which are the most interesting ones from the point of view of quantum information, are the states with sufficiently high values of d. More precisely, when P (−) (α|q, p, d) is not everywhere positive its minimal value is reached at the origin, α = 0, and this value is
Since this is negative if and only if d > p (and q = 0), it follows that the TDS are non-classical iff d > p. Note that due to (12) this is always the case for heralded photons if η > 0. Thus, the half of the parametric cube which is realized in a photon heralding experiment is exactly the one corresponding to nonclassical thermal-difference states. Here we excluded the trivial case q = 0, where the signal state is vacuum. We note that the P -function of an optical mode, even when it takes negative values, can in principle be reconstructed from a series of measurements. For example, the negative P -function of a photon-added thermal state [31] has been successfully reconstructed from experimental data [32] . As we have seen in the previous section, the photon-added thermal state is a particular limiting member of the family of thermal-difference states, generated for particular settings of the photon heralding experiment. A regular P -function can in principle be obtained from the experimental data in a way analogous to that of [32] for other settings of such an experiment, except for extremely low values of the parameters q and p. At low p the P -function approaches a singular function
and cannot be reconstructed. At low q the first term in Eq. (26) also approaches a delta-function. In all other cases, it is in principle possible to experimentally establish the nonclassical nature of the generated state by reconstructing its P -function. Note that low p corresponds to η close to 1, which is hardly reachable in experiment, since the quantum efficiency is limited for modern singlephoton detectors.
One could hope to circumvent the problem of the Pfunction singularity at low q or p by investigating the negativity of the Wigner function of the states ρ (−) (q, p, d) in the same parameter regime. Using (23) with s = 0, one then readily sees that for small enough q, the Wigner function becomes positive and therefore does not detect the nonclassicality of the corresponding states either. In fact, the Wigner function is smoother than the P function and, as a result, does not show the same sharp negative peak as the P function. At small q, the TDS states are only very weakly nonclassical, as we further explain in the next section.
The regularity of their P -function, the simple explicit form of their quasi-probability distributions and occupation numbers, together with the simplicity of the nonclassicality condition, d > p, ensure that the TDS constitute an excellent benchmark to test the efficiency of various nonclassicality witnesses and measures. A number of pure quantum states of a single-mode optical field are traditionally used for this purpose, the most popular being the Fock state, the squeezed state [44] and the Schrödinger cat state, either with two [45, 46] or multiple components [47, 48] . Mixed states typically used to that end include squeezed thermal states [49] , photon-added thermal states [31] and thermalized cat states [50] . The new family of TDS we introduce here widens this class significantly.
V. ORDERING SENSITIVITY OF THERMAL-DIFFERENCE STATES
We have established that all states of the signal mode in a photon-heralding experiment are nonclassical since their P functions are negative at the origin. This is true even when the transmittances µ and η are small, a situation where the environment interferes intensely with the system and where one may therefore have expected nonclassicality to be completely lost. We will investigate in this section how the nonclassicality of those states is quantitatively affected by the lowering of the transmittances away from their optimal value µ = 1 = η and we will see that, whereas it is not completely lost, it is quickly diminished by the lowering of the transmittances. For that purpose, we will use a measure of nonclassicality that was recently introduced [33] , the so-called "ordering sensitivity" (OS) of the state, which is defined as
It is the speed of change of the (second order) Renyi entropy of the s-ordered quasiprobability distribution with the ordering parameter s. The ordering sensitivity of all coherent states equals 1 and all classical states have an ordering sensitivity less than 1, which implies that
The ordering sensitivity is therefore a nonclassicality witness. Note that it can be less than 1 for a nonclassical state. It is shown in [33] that a distance-based measure of nonclassicality can be constructed that is bounded between S o (ρ) − 1 and S o (ρ). Hence, for a sufficiently high S o (ρ), its square root is a good measure of nonclassicality. An alternative expression that does not use the Wigner function is
where P(ρ) = Tr ρ 2 is the purity of the state. For a Fock-diagonal state ρ = n p n |n n|, such as TDS, the ordering sensitivity is given by
Substituting the values of p k from Eq. (10) and summing up the geometric series, we obtain an analytic expression for the ordering sensitivity of TDS:
where the purity is
Now we analyze the behaviour of the ordering sensitivity as function of the parameters of TDS. We first look at the situation where there are no losses in the idler and signal channels so that µ = 1 = η and consequently d = 1, p = 0, q = ξ. Hence the state of the signal mode is a truncated thermal state, and we find readily that
Here q is given by (9) . One easily sees this is maximum when q = 0, where S o = 3, which is its value on the single photon state; it then decreases to 0 as q increases to 1, which clearly illustrates the decrease of nonclassicality of the truncated thermal states as their temperature increases. Note that we know that all truncated thermal states are nonclassical since their P function is negative at the origin α = 0. In fact, it is singular there, since it is the difference between a Gaussian and a delta function at the origin. Nevertheless, as this example shows, this negative singularity is not indicating a large ordering sensitivity of the states. This can be further understood if one notices that the Wigner function of these states is also negative at the origin α = 0:
However this negative value tends to zero as q tends to 1, also indicating loss of nonclassicality of the truncated thermal state with growing temperature. Let us now consider how the ordering sensitivity of TDS is affected if the transmittance µ of the signal mode is no longer maximal: µ < 1 but still η = 1. Then p = 0 and d < 1 and Eq. (31) simplifies to
The level curves of S o can be seen in Fig. 4 . One clearly observes the rather fast loss of ordering sensitivity, and hence nonclassicality of the states with growing ξ and/or diminishing µ. For example, with ξ as low as 0.2 and µ as high as 0.85 one sees that S o has decreased from its maximal value of 3 to 2.03. In Fig. 5 , one sees the dependence on µ and η of the ordering sensitivity, at fixed ξ. One notices in particular in the top panel, for ξ = 0.25, that it is quite sensitive to both parameters. On the other hand, at low ξ, the ordering sensitivity is essentially insensitive to changes in η as can be seen in the bottom panel for ξ = 0.1.
Finally, we study the dependence of the ordering sensitivity on the initial brightness ξ for fixed values of the transmittances in both channels, Fig. 6 We see that the nonclassicality of the generated state always decreases with growing ξ. This fact represents a trade-off between the nonclassicality and brightness similar to that between the single-photon purity and brightness. At a realistic level of losses η = 0.5, µ = 0.9 the nonclassicality becomes weak at the initial brightness higher than 0.5. If the losses of the signal mode raise to 50%, the nonclassicality is weak at all levels of brightness. We conclude that highly nonclassical TDS are generated in the considered scheme at low initial brightness and low signal loss. 
VI. CONCLUSIONS
We have introduced a new three parameter family of non-Gaussian single-mode optical states that we refer to as thermal-difference states (TDS). These states have non-singular P -functions, that can take negative values for some values of the parameters, that we identify. For those parameter values, the TDS are therefore nonclassical. We show furthermore that for these same values the TDS correspond to states of light, conditionally prepared by the technique of "photon heralding". In that context, the three parameters correspond to the losses in the signal and idler modes and to the gain in the nonlinear crystal. In the absence of losses these states are known to be nonclassical. We have shown that this re-mains true for all values of the losses in both modes. We have shown that some well-known nonclassical states are members of this family at various limiting parameter values. We have evaluated the degree of nonclassicality of those states and shown that it is not very sensitive to the losses in the idler mode, but much more so to the losses of the signal one. We have established a general trade-off rule for the brightness and the nonclassicality of these states.
From the practical viewpoint, the nonclassical states of this family are non-Gaussian and represent thus a valuable resource for various protocols of quantum information processing. From the purely theoretical viewpoint, this family of states, whose quasiprobability distributions are differences of two Gaussians, are an excellent testbed for studying and comparing various measures of non-classicality, non-Gaussianity, etc.
A practical recommendation follows from the above analysis: in a photon-heralding experiment with some loss in the signal and the idler modes (always inevitable) it is much more efficient to reconstruct the P -function of the generated state, which is always regular and always negative, than the Wigner function, which may be positive for some combination of the experimental settings. Reconstruction of negative regions of P -function will be a direct evidence of the state nonclassicality.
